Abstract. Myosin-powered force generation in nonmuscle cells underlies many cell biological processes and is based on contraction of random actin arrays. One of the most prominent examples of such arrays is a contractile fiber---a one-dimensional actin-myosin fiber with focal adhesions at its ends. We explore an active gel model widely used in theoretical biophysics with effective viscous dashpots at the ends of the actin-myosin gel strip as a model for such a fiber. Scaling analysis reveals that three length scales characterize the behavior of the model, which consists of two PDEs describing force balance and myosin transport in the fiber. We use singular perturbation analysis and numerical simulations to investigate how the myosin distribution, actin flow, and contractile force generated by the fiber depend on model parameters and fiber length. The model predicts that the contractile force either increases, with or without saturation, with fiber length, or reaches a maximum at certain length and then decreases in longer fibers, depending on parameters. The model also predicts a nontrivial symmetry-breaking mechanism: in long fibers with strong focal adhesions at the ends, the myosin distribution is not uniform but peak-like, and this peak can aggregate to one of the fiber's ends. We discuss the model's implication for mechanobiology of nonmuscle cells.
1. Introduction. Force generation is one of the most fundamental actions of a cell. Prominent examples include cell motility [12] , cell division [12] , and muscle contraction [51] . A major component of the cellular force-production machinery is the actin-myosin system, which at its core consists of a scaffold of actin filaments upon which myosin motors act to produce contractile stress [49, 54] . Actin-myosin contraction is fundamental to muscular force production and, in nonmuscle cells, for producing force in one-dimensional structures such as dynamic stress fibers (SFs) [49] and cytokinetic rings [35] ; two-dimensional structures such as lamellipodia [3] and cell cortices [10] ; and three-dimensional cytoskeletal networks in migrating cells [13] . Important parts of this system are crosslinking proteins [29, 46, 53] that transiently bind actin filaments together, creating effective internal friction and, in nonmuscle cells, focal adhesion complexes that transduce force from actin-myosin arrays to the extracellular matrix [18, 21] .
In this paper, we focus on one-dimensional contractile networks of actin, myosin, and crosslinking proteins in nonmuscle cells. The most prominent example of such a network that comes to mind is the SF, a one-dimensional actomyosin bundle that extends between focal adhesions (FAs) and is found in many types of cells [49] . Much \partial \partialx \biggl( \mu \partialv \partialx + km We assume a constant fiber length of L and define two dependent variables for -L 2 < x < L 2 : the velocity of the actin-myosin gel v(x, t) and the myosin density m(x, t) for position x and time t. The term in parentheses on the left describes the onedimensional sum of two stresses: the effective viscous stress that results from transient crosslinks between actin filaments in the CF and the active stress due to myosin contraction. This latter stress is assumed to be proportional to the myosin density. Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Here k is the proportionality constant giving the mechanical strength per unit myosin and \mu is the constant effective actin-myosin gel viscosity. We balance the divergence of these two stresses against the frictional force per unit length that results from transient crosslinking of filaments in the fiber with filaments in the neighboring (and assumed stationary) actin cortex. Following a number of previous models, we assume that this friction is effectively viscous, proportional to the gel velocity; \xi is the constant of proportionality. Table 2 .1 summarizes the model variables and parameters. We derive the boundary conditions (2.2) by balancing the stress at the left and right SF endpoints with the effective friction force between the flowing actin-myosin gel and adhesive proteins of the FAs at the SF ends. We assume that this friction is linear and viscous, with \zeta l and \zeta r as the strengths of friction of the left and right FAs, respectively.
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Together, these mechanical equations prescribe the local actin velocity v(x, t) for a given linear density m(x, t) of myosin. To close the system, we need an equation for this myosin density. Following previous modeling, we assume that myosin molecules are bound to the actin gel most of the time and drift with it. Molecules frequently unbind from actin, diffuse in the cytoplasm, and rapidly rebind. In the limit of fast binding and unbinding kinetics, the total linear myosin density can be described with the drift-diffusion equation
where D is the effective diffusion coefficient in the fast kinetic limit and where the natural boundary conditions in (2.4) mean that there is no flux of myosin out of the endpoints of the CF. There are other reasonable ways to model myosin dynamics. In section SM1 of the supplementary materials, linked from the main article webpage, we discuss two alternate models: the full kinetic model with bound and unbound myosin populations and a model with a constant reservoir of cytoplasmic myosin. There we show that each of these alternatives gives qualitatively similar results to the drift-diffusion model of (2.3) and (2.4) .
We are interested in using this model to compute the traction stress exerted by the fiber on the underlying substrate, since traction stress is the important mechanical Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php output for the cell and is what can be measured in experiments. To find this, we must compute the force exerted by the CF on its left and right ends. If the only stresses acting on the adhesions were those produced by the fiber, then from (2.2) the stresses at the left and right would be \zeta l v( -L 2 , t) and \zeta r v( L 2 , t), respectively. In general, however, our model does not guarantee that \zeta l v( -L 2 , t) and \zeta r v( L 2 , t) are equal and opposite. In particular, we expect that for nonzero \xi , drag between the SF and the actin cortex will likely lead to different stresses at the two endpoints. To correctly compute the traction stress at the two endpoints, we need to take into account how drag by the CF on the cortex generates additional stresses acting on the two FAs.
The cortex is a dense, branched network of actin filaments. Because of this meshlike structure, individual filaments in the cortex are far less motile than filaments in the fiber. With this in mind, we model the cortex as a solid, nondeformable structure. This means that we can write the net drag force exerted by CF on the cortex as (2.5)
This force will be positive if the solid cortex is being dragged to the right and negative if it is being dragged to the left. Since cells typically build FAs to tether actin that is being pulled away from the adhesion, we assume that for F \mathrm{ \mathrm{ \mathrm{ \mathrm{ > 0 the entire net drag force is applied to the left adhesion, and similarly for F \mathrm{ \mathrm{ \mathrm{ \mathrm{ < 0. Under this assumption, we can define the traction force as
We can reduce the number of parameters in the model by rescaling (2.1)--(2.4). The natural choices for length scale and myosin density are the CF length L and the conserved average myosin density m, respectively. By balancing the viscous and myosin stresses in the force balance equation, we obtain the characteristic velocity scale, kmL/\mu . Dividing the length scale by the velocity scale, we get the time scale, \mu /km. Introducing nondimensional variables by dividing the dimensional ones by the chosen scales, we arrive at the nondimensional system, where we keep the same notation for the nondimensional variables:
The system behavior depends on four nondimensional parameter combinations: (2.11) \alpha = \sqrt{} \xi \mu L, \beta l,r = L\zeta l,r \mu , and \gamma = D\mu kmL 2 .
Parameter \alpha 2 serves as the nondimensionalized cortex drag coefficient, while parameters \beta l,r are the nondimensional FA friction coefficients at the left and right, respectively. Parameter \gamma is the nondimensional diffusion coefficient. Note that \gamma can also Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php be thought of as one over the P\' eclet number from classical fluid mechanics, so we can interpret \gamma as the rate of diffusive myosin transport over the rate of advective myosin transport.
The profound meaning of these nondimensional parameter combinations is that they introduce three fundamental length scales and that competition between these length scales completely governs the model behavior. For \beta l = \beta r = \beta we can write \alpha = L/L \mathrm{ \mathrm{ \mathrm{ \mathrm{ , \beta = L/L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ , and \gamma = (L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ /L) 2 , so the system can be characterized by the ratios of the CF length to the length scales L \mathrm{ \mathrm{ \mathrm{ \mathrm{ , L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ , and L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ . L \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \sqrt{} \mu /\xi determines the characteristic length over which the CF can transmit forces through the interior before substantial drag-induced decay. Similarly, L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \mu /\zeta is the characteristic length over which viscosity can transmit forces from inside the fiber to a focal adhesion. Finally, L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \sqrt{} D\mu /km is the characteristic distance by which myosin diffuses over the characteristic time scale. In what follows, we examine nonrigorously, semiquantitatively, the system's behavior predicted by the model in two regimes: L \ll L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ and L \gg L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ . We investigate how this behavior depends on the length scales L \mathrm{ \mathrm{ \mathrm{ \mathrm{ and L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ . Then we confirm our gained intuition with perturbation analysis and numerical simulations.
3. Model predictions in the limit of fast diffusion. We start with the limit \gamma \rightar \infty , which corresponds to a CF so short that diffusion spreads myosin almost uniformly across the CF. Indeed, in this limit, a zeroth-order approximation in a regular perturbation of the myosin equations (2.9) and (2.10) gives the simple solution
, the velocity equations (2.7) and (2.8) simplify to
These equations have the explicit solution
There is a centripetal actin-myosin gel flow, with velocities that are positive at the left and negative at the right (such flows are depicted in Figure 3 .1). Such a flow profile makes intuitive sense---since myosin motors are contractile, they should pull the gel inward.
From this expression for the actin flow, we can compute the traction stress F \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ that the cell exerts on the substrate. We derived the expression for this stress in (2.5) and (2.6) in terms of dimensional variables. In nondimensional form, we write it as f \mathrm{ \mathrm{ \mathrm{ \mathrm{ = F \mathrm{ \mathrm{ \mathrm{ \mathrm{ km = \alpha
f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = F \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ km First, we compute f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ for the special case \beta l = \beta r = \beta , when the two focal adhesions are equally strong. In this case, symmetry requires that f \mathrm{ \mathrm{ \mathrm{ \mathrm{ = 0, which simplifies f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ to f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \beta v \bigl( -
To see how the traction forces scales with CF length, we rewrite f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ with \alpha = L/L \mathrm{ \mathrm{ \mathrm{ \mathrm{ and \beta = L/L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ : f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = L \mathrm{ \mathrm{ \mathrm{ \mathrm{ L \mathrm{ \mathrm{ \mathrm{ \mathrm{ + L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ coth
For small L (L \ll L \mathrm{ \mathrm{ \mathrm{ \mathrm{ ), we can expand (3.9) to f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = L 2L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ + \scrO (L 2 ), (3.10) which implies that for a sufficiently short fiber, the cell exerts a force on the substrate that grows linearly with fiber length. At the opposite extreme, when L is large (compared to L \mathrm{ \mathrm{ \mathrm{ \mathrm{ , as far as L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \ll L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ ), we obtain the limit f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \rightar L \mathrm{ \mathrm{ \mathrm{ \mathrm{ L \mathrm{ \mathrm{ \mathrm{ \mathrm{ + L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ . (3.11)
The case \beta l \not = \beta r makes for more complicated intermediate calculations but produces qualitatively similar results. When \beta l < \beta r , for small L we compute f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = L L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ ,l + L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ ,r + \scrO (L 2 ), (3.12) Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php while for large L we find that f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \rightar L \mathrm{ \mathrm{ \mathrm{ \mathrm{ L \mathrm{ \mathrm{ \mathrm{ \mathrm{ + L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ ,r . (3.13) Thus, (3.12) and (3.13) exhibit the same qualitative force scaling behavior as (3.10) and (3.11): linear at low L and constant at high L.
The physical interpretation of these results is as follows. Myosin motors distributed over the CF length work in series: one can imagine people standing in line holding hands and pulling each other in. The maximal stress that can be developed in such a chain is equal to the stress of any unit of this chain (km in dimensional units). If the CF is long enough (but still shorter than L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ ), so that the myosin contractile stress is not dampened significantly by the actin viscosity, and if the cortex drag is negligible, then this maximal stress is all transduced to the FAs, in agreement with (3.11) . In this case, the gel velocity profile is linear. Basically, if the CF is long enough, the gradient of the velocity across the CF is shallow enough to render actin viscosity negligible. However, if the cortex drag is not negligible, the gel velocity profile changes: velocity at the CF center becomes almost zero, and the centripetal velocity only becomes significant near the edges of the fiber. In this case, cortex drag dampens the maximal possible traction force by the factor L \mathrm{ \mathrm{ \mathrm{ \mathrm{ /(L \mathrm{ \mathrm{ \mathrm{ \mathrm{ + L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ ). When the CF becomes very short (compared to L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ ), the gradient of the velocity across the CF that is needed to create significant centripetal flow at the FAs becomes so large that the actin viscosity decreases the myosin power output: effectively, myosin works mostly against internal viscous friction. In this limit, force is proportional to CF length.
4. Model predictions in the limit of slow diffusion. In the slow diffusion limit where the CF is long compared to L \mathrm{ \mathrm{ ff\mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ , \gamma \rightar 0 in (2.3) and (2.9). This is a singular perturbation problem and thus more mathematically challenging than the \gamma \rightar \infty limit. We defer the full analysis of the singular perturbation problem to section 6. For now, we study this limit by considering a physically motivated ansatz about myosin dynamics. This will provide us with important new intuition, which we will extend to the full model using numerical simulations and then confirm with singular perturbation analysis.
We use the following physical reasoning: in our model, myosin drifts with the local velocity v. This velocity is itself influenced by myosin, since motors exert contractile force on the gel. As we saw, this force produces an inward flow, which pulls myosin motors towards one another. This suggests that myosin will coalesce into a single cluster. With low diffusion, this cluster may be quite localized. Based on this prediction, we choose to approximate the myosin density in the limit as \gamma \rightar 0 as an infinitely sharp peak, replacing m(x, t) with a Dirac \delta function. In general, this \delta function may be located at any x and the location might change with time. For now, however, we assume that the adhesions at the left and right are equal, \beta l = \beta r = \beta , and from symmetry that the location of the peak is fixed at the CF center, x = 0.
Under these assumptions, our model equations become 
where H is the Heaviside function. We easily solve the homogeneous problem to give the general solution
To compute c 1 and c 2 , we set v = v 0 + v p and use the boundary conditions from (4.2). From this we find that the solution to the full inhomogeneous problem is
Computing the traction force from (4.5), we get f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \alpha \beta 2\alpha cosh
For small L, this expands to
while for large L, f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ approaches zero exponentially fast. Thus, for small fiber length (providing it is longer than the diffusion length), the traction force exerted on the substrate increases linearly with length and in fact is the same as that in the large diffusion limit. This is not surprising: at small CF lengths, the friction relative to the cortex, which is distributed over the length, is negligible. When this friction is negligible, double integration of the force balance equation and taking into account the FA boundary conditions and that
m(x) dx = 1 gives the useful analytical result (4.8) f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \beta 2 , which is equivalent to the dimensional expression F \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = k\zeta 2\mu
m(x) dx. Thus, in this limit, it does not matter whether myosin is distributed uniformly or aggregated into a cluster, or however else; all that matters is the total amount of myosin in the fiber.
For long fibers, the force exerted drops to zero exponentially. The reason is simple: the combination of cortex drag distributed along the length and gel viscosity causes decay of the myosin pull on the scale of L \mathrm{ \mathrm{ \mathrm{ \mathrm{ . Therefore, the myosin cluster in the center is able to transduce only an exponentially small fraction of its stress to the FAs.
This implies that there is some intermediate length at which the fiber exerts maximal force. We could try to find this length by differentiating f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ in (4.6) with respect to L, but this yields a complicated transcendental equation without a closed form solution. Instead, we can gain insight into the qualitative behavior of f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ at intermediate lengths by plotting it in the \alpha -\beta plane, as shown in Figure 4 .1a.
, and so both parameters are linear in L. Thus, as L varies, values of f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ will fall along a line through the origin in the \alpha -\beta plane. Such lines are shown in Figure 4 .1a, and the resulting plots of L vs. f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ for each line are shown in Figure 4 .1b. We see indeed that for each line, f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ increases with length up to a maximal value and then smoothly decays back to zero.
Numerical results.
The \delta -function ansatz is plausible, but we would like to see how force scales and how myosin and velocity distributions behave without making that approximation. To this end, we numerically solved the full model of (2.7)--(2.10) by using the numerical method described in section SM2 of the supplementary materials. Figure 4 .1c shows a typical force scaling result in the regime where \alpha > \beta . To produce this figure, we varied L for fixed values of the other length scales. For each value of L, we ran the numerical simulation to apparent steady state and then computed f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ . As we can see from the figure, f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ increases with L up to a maximal value and then decreases. This is consistent with our analysis based on the ansatz for the small diffusion limit. Indeed, it makes sense that our numerical result matches the force scaling in the small-diffusion limit: since \gamma \propto L - 2 , as L increases, the fiber will inevitably end up in the parameter regime where \alpha \gg \gamma and \beta \gg \gamma .
Unexpectedly, the force scaling results are quite different in the regime where \alpha < \beta . Figure 5 .1 shows the typical behavior in this regime. As in the \alpha > \beta regime, f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ increases before beginning to plateau; however, f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ 's rate of increase recovers, and it scales linearly with length even at high fiber lengths. This scaling behavior is not consistent with our ansatz analysis. As we show below, the reason is that the myosin peak in this regime aggregates to one of the CF ends and not to its center.
To understand the anomalous force scaling in Figure 5 .1, we look in detail at the spatial distribution of myosin along our simulated SFs. , and \gamma = 1 L 2 . Columns: Time-evolution of myosin distribution (green) and actin velocity (blue) from a perturbed initial condition for three specific fiber lengths. Color is available online only. the evolution of myosin from an initially perturbed constant distribution for several different values of L. Figure 5 .2 shows this evolution for the case \alpha > \beta , while Figure 5 .3 shows it for the case \alpha < \beta . We see that when \alpha > \beta , myosin clusters into a central peak. When \alpha < \beta , however, the behavior is more complicated. Myosin still forms a central peak; however, the peak then migrates from the center to one of the fiber edges.
Our numerical simulations therefore suggest the possibility of a symmetry-breaking , and \gamma = 1 L 2 . Columns: Time-evolution of myosin distribution (green) and actin velocity (blue) from a perturbed initial condition for three specific fiber lengths. Color is available online only. bifurcation when \alpha < \beta . In the next section, we analyze this behavior in much greater detail to understand when and how the symmetry break occurs. For now, however, its appearance in our numerical results helps us understand why force scales linearly at high L when \alpha < \beta .
Recall from section 3 that f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ was defined by f \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \beta l v \bigl( -
where f \mathrm{ \mathrm{ \mathrm{ \mathrm{ = \alpha
This definition resulted from our modeling choices in section 2 for both the dragmediated fiber-cortex interaction and the transmission of force from cortex to FAs. Because the cortex is far stiffer than the fiber, we chose to model the cortex as an infinitely stiff structure. This meant that we could sum the contribution to the drag force on the cortex over the entire fiber to give the net drag force f \mathrm{ \mathrm{ \mathrm{ \mathrm{ . To apply this net drag force to the substrate, we noted that typical FAs feel a pulling force from actin within the cell, so we chose to apply the entire quantity f \mathrm{ \mathrm{ \mathrm{ \mathrm{ to whichever of the left or right FAs would feel that force as a pull. Now we know, however, that this peak is capable of migrating to the fiber edge. The rightmost column of Figure 5 .3 shows the actin velocity profile for a myosin peak located near the left fiber edge. Along most of the fiber, actin flows to the left. This means that f \mathrm{ \mathrm{ \mathrm{ \mathrm{ will be a large pulling force applied to the right edge of Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php the fiber. Because this force is transmitted by the infinitely stiff cortex, there is no length-dependent dissipation of this force. Rather, the magnitude of the force grows with the total quantity of myosin in the cell, which leads to the linear force scaling observed in Figure 5 .1.
The above analysis suggests that the linear force scaling for high lengths when \alpha < \beta is a result of our simple representation of the cortex as a stiff solid object. Clearly, this modeling choice does not fully capture the mechanical nature of the cortex. We would expect that for long enough fibers, deformations of the cortex---while far smaller than deformations of the SF---would be important. For short enough fibers, however, the qualitative scaling behavior in Figure 5 .1 is plausible: myosin clustering in the fiber center leads to a peak in force production, but once symmetry is broken, cortical stiffness allows force to start growing again. We expect, then, that for very large cells our model would need to be further developed to more fully account for cortical mechanics. In the meantime, however, it is clear that understanding the symmetry break shown in Figure 5 .3 is vitally important.
6. Symmetry breaking in the small diffusion limit. Our numerical simulations suggest the possibility of a symmetry break, in which an initially small perturbation of a uniform myosin distribution leads to a myosin peak at one side of the fiber or the other. Furthermore, the numerical evidence hints that this peak goes to the center if \alpha > \beta , but if \alpha < \beta , there is a symmetry-breaking bifurcation and the peak aggregates to the edge. Such a bifurcation, however, may not exist. An alternative possibility is that symmetry always breaks, but that for large \alpha our simulations lack the resolution to observe the myosin peak's slow migration away from the center. This would be true, for instance, if the peak's traveling speed were exponentially slow (see, e.g., [19, 23] ). In this section, we show that in the limit \gamma \rightar 0, a symmetry-breaking bifurcation exists. Moreover, from that analysis we will derive simple expressions for the myosin distribution in both the symmetric and the asymmetric parameter regimes. Finally, we will provide a physical interpretation of these results with important implications for cell polarization.
In this section, we use a matched asymptotic expansion for \gamma \ll 1 to analyze the myosin distribution in the full model. This involves solving the model equations to find an outer solution that is valid for most of the CF, and matching that to an inner solution obtained by a change of length scale, which is valid for a small neighborhood around the center of the myosin peak.
One might be tempted to derive a matched asymptotic expansion of the variables m and v directly from the system of equations. However, both our intuition from section 4 and our numerical results from section 5 suggest that as \gamma approaches zero, m(x, t) approaches a Dirac \delta function. Thus, we cannot expect to match the leadingorder term in m, which blows up, with the leading-order term in v, which remains \scrO (1).
To overcome this difficulty, we rescale m. Let (6.1) \m(x, t) = \gamma m(x, t).
We will see that \m remains bounded as \gamma \rightar 0, and this rescaling allows us to perform a useful matched asymptotic expansion. We expand both v and \m in powers of \gamma , letting
where v 0 , v 1 , . . . and \m 0 , \m 1 , . . . are independent of \gamma .
Substituting our expansions into the model equations and matching like powers of \gamma , we get the zeroth-order outer equations
From (6.8) and (6.9) it trivially follows that \m 0 (x, t) = 0 for all x and t. This makes physical sense, since 1 \gamma \m(x, t) = m(x, t). If \m 0 were nonzero, then as \gamma \rightar 0 the density m of myosin would approach infinity.
Using \m 0 = 0, the first-order outer equations are \partial \partialx
This is a nonlinear system with many possible solutions. However, as we mentioned a moment ago, 1 \gamma \m(x, t) = m(x, t). This means that m(x, t) = \m 1 (x, t) + \scrO (\gamma ). Since we expect that m will approach a \delta function as \gamma \rightar 0, this suggests that \m 1 (x, t) = 0 is the physically correct solution; otherwise, the myosin density would remain nonzero over the whole fiber regardless of how small \gamma became.
Thus, the first-order outer equations simplify to the linear boundary value problem (6.19) v 0 (x, t) = c 0 (t) sinh \alpha x + c 1 (t) cosh \alpha x
for the yet-to-be-determined real coefficients c 0 (t) and c 1 (t). It would not be fruitful to compute the coefficients c 0 (t) and c 1 (t) from the boundary conditions in (6.18) . That would correspond to the physically uninteresting solution where m is identically zero throughout the whole fiber. If there is myosin present in the fiber, then we expect it to cluster in some small region. In that region, the diffusive term in (6.4) will be nonnegligible, and we need to perform a change of variables to find the inner solution valid in that region. Intuitively, this region corresponds to the location of the \delta function peak we posited in section 4.
Let x 0 (t) be the (unknown) location of this myosin peak, and define the inner variables V (X, t) and \M (X, t) by
In terms of X, V , and \M , our system of equations becomes
We expand V and \M in powers of \gamma :
This gives the zeroth-order inner equations
We can solve (6.26) for \M 0 by integration, getting
We can substitute this expression into (6.27) and integrate by X, giving a single differential equation for V 0 : In general, solutions to (6.26) and (6.27) may exist for many values of the constants of integration C 0 (t) and C 1 (t). For our purposes, all that any particular solution needs to do to be useful is provide enough degrees of freedom to match with the outer solutions. As we will see, such a solution comes from simply setting C 0 (t) = C 1 (t) = 0. In this case, the differential equation for V 0 simplifies to
which has the solution
6.1. Matching. Our solution in the transition layer located at x = x 0 (t) is
On either side of this transition layer, the outer solution is a linear combination of sinh \alpha x and cosh \alpha x, which we can write as
These equations have six unknowns: the five constants of integration c 0 (t), c 1 (t), c 2 (t), c 3 (t), c 4 (t), and C(t) and the term x \prime 0 (t). To solve for our six unknowns we need six equations. Some of these equations are immediately available: the boundary conditions on v 0 and the continuity of the inner and outer solutions. These give the equations Evaluating these limits allows us to rewrite the continuity condition as
Together, (6.18), (6.37), and (6.38) give us four equations for our six unknowns.
A fifth equation comes from treating the total amount of myosin in the fiber as known. Recall that our outer solution for myosin was \m 0 = \m 1 = 0. This means that to leading order, all myosin in the SF is contained in the transition layer around x 0 (t). Since we nondimensionalized myosin in terms of its average density, \m(x, t) \gamma dx.
Since \m 0 = \m 1 = 0, this means that
for \gamma \ll 1.
A sixth and final equation comes from stress balance across the transition layer. There are two ways to derive this equation: by physical argument and by higher-order matching of the inner and outer solutions using an intermediate variable. We prefer the first way.
The physical argument is quite simple. The only way for stress to leave the fiber is through drag against the cortex. This drag is governed by a coefficient of the form force per velocity per length. Since the transition layer is very small, and since velocity is continuous and \scrO (1) in the layer, only a negligible amount of force should be transmitted from the fiber to the cortex over the length of the transition layer. This means that the stress computed from the outer solutions on either side of the layer should be equal: giving us the final equation we need to solve for our unknowns. Equations (6.18), (6.37), (6.38), (6.41), and (6.43) together give us six algebraic equations for the unknowns c 0 (t), c 1 (t), c 2 (t), c 3 (t), c 4 (t), C(t), and x \prime 0 (t). It is a simple, albeit lengthy, exercise to solve for all six.
We do not write out expressions for all six unknowns. The five constants of integration are mainly important for computing the actin velocity profile v(x, t). We are only interested in the myosin peak, whose dynamics are governed by x \prime 0 (t). Solving for x \prime 0 (t), we get the ODE
2\alpha cosh(\alpha )(\beta r + \beta l ) + 2 sinh(\alpha )(\alpha 2 + \beta r \beta l ) . (6.45) x 0 = 1 2\alpha log \sqrt{} (\alpha -\beta l )(\alpha + \beta r ) (\alpha + \beta l )(\alpha -\beta r ) .
From (6.45), it is apparent that x 0 is only real-valued if either Physical stability for \alpha = 1 in the \beta l -\beta r plane. In the bottom left region, the fixed point x 0 exists, is stable, and is in the fiber interior between - . In the top right region, it exists and is in the fiber interior but is unstable. In the bottom right region, either no steady-state exists or x 0 < - ; in either case, the myosin peak migrates all the way to the left edge of the SF. Similarly, in the top left region, the myosin peak migrates all the way to the right edge of the SF.
or (6.47)
\alpha < \beta l and \alpha < \beta r .
In fact, from (6.44), it is straightforward to show that if neither of these conditions holds, then x \prime 0 (t) is either always positive (when \beta l < \alpha < \beta r ) or always negative (when \beta r < \alpha < \beta l ).
Moreover, even when x 0 exists and is real, from (6.45) we can find conditions for which it is outside the physical domain - In the lower right region where \beta l < \alpha and \beta r < \alpha , x 0 exists, is between -1 2 and 1 2 , and is a stable steady-state. This means that once myosin has formed a sharp transition layer, that peak will migrate to x 0 , which is in the interior of the fiber. In particular, note that x 0 = 0 when \beta l = \beta r , so that the stable steady-state is in the center of the fiber.
In the upper left region where \alpha < \beta l and \alpha < \beta r , x 0 also exists and is in the physical domain but is an unstable steady-state. In this region of parameter space, the initial location of the myosin peak determines whether it will move to the left or to the right of the fiber.
We observe the same stability properties for different values of \alpha (see Figure SM3 in the supplementary materials). In each case, the steady-state behavior is qualitatively similar, but as \alpha decreases, \beta l and \beta r must be closer in value to one another in order for a physically meaningful steady-state to exist.
Physical interpretation.
The steady-state analysis that follows from (6.44) and (6.45) shows that the symmetry-breaking bifurcation that we observed Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php numerically in section 5 is a real phenomenon that occurs when \alpha is smaller than both \beta l and \beta r . Moreover, the specific conditions under which the symmetry break occurs give us insight into the physical mechanism driving the motion of the myosin peak.
The peak's motion is governed by a combination of local and distributed effects: adhesion-mediated local forces at the left and right fiber edges and drag-mediated distributed forces spread over the entire domain. The critical difference between these two effects is that if myosin is off-center, the adhesive forces act to exaggerate that asymmetry by pulling myosin even further to one side, while the drag forces promote recentering of the myosin peak.
We can see the tendency of adhesion-mediated forces to promote asymmetry by recalling the length-scale discussion from section 3. There we found that we could express the adhesion friction coefficients by
where L \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ \mathrm{ is a measure of the decay length scale of adhesive forces generated at the fiber edge. Thus, the closer the myosin peak is to an edge, the less decay of that adhesive force there will be and the more strongly myosin will be pulled toward that edge.
The distributed cortex-drag-mediated forces have the opposite effect. The magnitude of this drag force scales like length times velocity. This means that when myosin exerts a contractile stress at a point along the fiber, the drag force produced on either side of the peak will be roughly proportional to the fraction of the fiber length that is on that side of the peak. This means that if the peak is close to the center of the cell, the drag force it feels from the left and right sides of the fiber will be equal and opposite. If, on the other hand, the peak is very close to one side of the fiber, the drag force it feels will be almost entirely in the direction of the far-off side.
Thus, drag forces promote myosin centering, while adhesive forces promote symmetry breaking. We see in the stability diagrams of Figure SM3 in the supplementary materials and Figure 6 .1 that, depending on the magnitude of the cortex drag and adhesion friction coefficients, one or the other of these two effects dominates. When \alpha is small compared to \beta l and \beta r , the symmetry-breaking effect wins, while when \alpha is large, the centering effect wins. When x 0 does not exist, \alpha is strong enough that centering effects dominate one of the two adhesions but not the other.
7. Discussion. We found that three length scales govern the myosin and velocity distributions and force generation in the model CF. When the CF length is less than the diffusion length, myosin is distributed almost uniformly across the CF; the traction force first increases linearly with CF length and then starts to plateau to the value determined by the adhesion strengths. When the CF length becomes greater than the diffusion length, positive feedback between the actin gel flow and myosin-powered force drives myosin into an aggregate. The position of this peak in the myosin distribution is determined by the relation between the adhesion and cortex drag lengths. If the former is greater (adhesion to the actin cortex is stronger than the FAs), then the peak is located at the center of the CF, because the length-dependent centering pull of the connections between the CF and the cortex is stronger than the effective pull of the FAs. In this case, the traction force, after reaching a maximum at an intermediate CF length, decreases in longer CFs, because the myosin effect is wasted on the cortex drag. Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
On the other hand, if the adhesion length is smaller than the drag length (adhesion to the actin cortex is weaker than the FAs), then the peak shifts to one of the edges, because the pull to one of the FAs is stronger than the centering effect of the cortex. In this case, the traction force keeps growing with increasing CF length, because the amount of myosin accumulating at the CF edge increases linearly with the CF length and is able to generate greater stress. Our model also makes specific and testable predictions about the force dependence on the CF length.
The model we considered in this paper is closest to the study [6] . One minor difference between that study and our model is that we consider contractile stress to be linearly proportional to the myosin density, m, while there the stress is proportional to m m+1 . This difference is not very consequential; more important is that instead of a periodic boundary condition for the force balance equation in [6] , which is very appropriate to contractile rings, we use a nontrivial balance between viscous, contractile, and adhesive force at the CF ends. This allows us to investigate traction forces, which were not studied in [6] , and allows us to find nontrivial scaling of these forces with the fiber's length. Moreover, though the phenomenon of myosin peak formation was predicted in [6] , our model addresses the previously unexamined question of the location of these peaks and predicts the phenomenon of a symmetry break.
The model's applicability to SFs in nonmuscle cells is not a straightforward issue. SFs are often observed to have a periodic sarcomeric structure and are thought of as very steady and nondynamic minimuscles [16, 34] . However, recent studies and reviews show that what was called``the stress fiber"" previously is actually a growing inventory of diverse one-dimensional contractile networks with very complex dynamic structure [30, 49] . A periodic myosin pattern was reported in some, but not all, SFs [20] . Specifically, both uniform myosin density along fibers in vivo [27, 50] and in vitro [47] , as well as aperiodic bands and small myosin aggregates along the fibers, have been reported [40, 43] . Similarly, both uniform and nonuniform but continuous and aperiodic myosin densities were reported in contractile rings [55] . Moreover, experimental measurements have revealed that SFs (at least, a number of types of stress fibers) are not steady: centripetal actin flow near the fibers' ends was observed [48] , and myosin turnover on the scale of \sim 100 / sec has been observed [20, 31, 45] .
We emphasize, again, that we do not address SF dynamics on microscopic, micron and submicron, scales that involve subtle spatial-temporal patterns of myosin and crosslinker densities and actin polarity (see, for example, [17, 43] ). Nor does our model address distinctions between different types of SFs. Rather, we consider a more general and macroscopic model of a contractile actin-myosin gel, assuming that elementary contractile units are organized at the micron and submicron scales and that the continuous density approximation for the gel made of these units is justified.
What parameters are characteristic of SFs? The fibers' size, L, varies widely, from a few microns to tens of microns. The order of magnitude of the myosin turnover rate is k \mathrm{ ff \sim 0.01 s - 1 [20, 31, 45] . The speed of the inward flow near the fiber's ends is on the order of v \sim 0.01 µm s - 1 [1] and likely much slower away from the ends [48] . Thus, assuming that (2.3) describes myosin transport in SFs, v Lk \mathrm{ \mathrm{ \mathrm{ \ll 1, and so the prediction would be that myosin is distributed almost uniformly along the fiber length, in agreement with the observations described above. Isolated SFs contract telescopically at the rate \sim 0.1 s - 1 [22] , which is also true for in vitro actin-myosin bundles [47] (this rate is estimated as the speed of contraction, which is proportional to the fiber length, divided by the length). These isolated fibers have no friction relative to the cortex, and FAs at their ends are removed, and so, according to our theory, the force balance in these fibers is \mu dv dx \sim km. The myosin generated force, Downloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php km, is on the order of 100 pN [1, 42] , so the effective viscosity can be estimated as \mu \sim km/ dv dx \sim 10 3 pN \times s. The FA friction coefficient can be estimated as the generated force divided by the flow rate, on the order of 0.01 µm s - 1 , so \zeta \sim 10 4 pN \times s/µm. Thus, the ratio \mu /\zeta \sim 0.1 µm is much smaller than the fiber's length, and so the model prediction would be that the SF generates a maximal force that depends very weakly on the fiber's length. In addition, though the cortex drag coefficient was never measured, indirect observations suggest that it is very significant [5, 44] . This drag would further dampen the length dependence of the traction force.
There are many caveats to these estimates, the main of which is that there is a significant elasticity associated with SFs [11, 26] ; besides, we used estimates from very different experimental systems and conditions. To truly test the model's predictions, a challenging experimental assay has to be put together, in which the strength of micropatterned adhesions has to be controlled, as well as friction between the fiber and the surrounding actin network. In addition, traction forces, myosin density, and the fiber's viscosity must be measured at varied distances from the adhesions. Perhaps the best way would be to start from experiments in vitro, by measuring traction forces in reconstituted CFs stretched between two adhesive spots printed on a flexible substrate [15] .
Finally, there is the issue of FA dynamics at the fiber's ends. In the model, we assumed the FAs to be immobile, which is, in fact, often observed for SFs [7] . This is easily reconciled with the flow of the actomyosin gel at the ends of the fiber, as the actin mesh is constantly polymerizing and slipping centripetally from the edges inward [4, 48] . This phenomenon is likely dependent on formins that co-localize with adhesion molecules and keep actin polymerization going [4] . How the rate of the polymerization process is regulated to keep it equal to the rate of the actin centripetal flow is an open problem. However, there are also cases where the adhesion complexes are either slipping inward relative to the substrate or extending outward [48] . There is currently no clear understanding of the underlying complex molecular processes that would warrant a mathematical model of these cases [4] . Qualitatively, there are two simple limiting cases. Assuming that there is no actin polymerization at the fiber ends, the ends would be moving inward with a velocity predicted by the solution of the force balance equation of our model. In one limiting case, when the effective myosin diffusion or recycling is much faster than the myosin drift, the rate of change of the fiber's length will be much slower than the rates of myosin redistribution and of velocity and stress equilibration. In the zeroth approximation, in this limiting case all solutions for the constant fiber's length are valid; the only change would be that the length, L(t), becomes a function of time, governed by equation
, where v \bigl( L 2 \bigr) is given by the solution of the stationary problem. In another limiting case, with slow myosin diffusion and a peak at the center, the picture is exactly the same: the peak remains at the center, while the fiber's length decreases according to equation . Finally, when the peak is expected to be at the end of the fiber, it is qualitatively clear that the myosin aggregate will stay at this end, because this end moves inward faster than the other end.
This model could also be relevant to contractile rings in cytokinesis. These rings contract telescopically [9] and exhibit myosin turnover on a finite time scale [33, 41] . The myosin-generated tension in the rings has been measured. However, the adhesions and drag between the ring and the cell cortex would have to be much better characterized before quantitative estimates could be made [36] .
Finally, the model is also applicable to lamellipodial/lamellar actomyosin netDownloaded 06/29/18 to 128.122.81.242. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php works, with the caveat that these networks are two-dimensional, rather than onedimensional. In some cases, however, flat lamellipodial networks are such that their width, for example, is significantly greater than their length, as in the case of motile fish keratocyte cells [3, 39] . Interestingly, large myosin aggregates that were not observed in individual SFs were observed in these lamellipodial networks [3] , which is explained by the fact that in these networks the myosin dissociation rate is so slow that myosin clusters travel across the cell before they detach from the network [39] . The condition for the symmetry break predicted by our model is the following: adhesion at the edges has to be stronger than the drag distributed along the network length. Thus, our analysis suggests a simple mechanism for cell symmetry maintenance and for cell polarization. To remain symmetric, a cell simply needs to ensure that adhesive drag along the cell length is stronger than the adhesions at the cell edges. This is likely the case in keratocytes, and indeed the mechanism of their polarization is based on a nonlinear dependence of the adhesion strength on the network flow [2] . Our model suggests that a cell can achieve---or prevent---polarization by another mechanism: regulating the relative strength of the adhesions along the cell length and at the cell edges. Other potential mechanisms were modeled in [2, 8, 24, 38] ; future work will be needed to see what combination of the proposed mechanisms applies in which types of cells.
Our model has many limitations: we assumed a constant average myosin density, so that total myosin scales with CF length. Actual myosin scaling with length could be different. Simple linear constitutive relations between myosin strength and its density and between friction forces and velocities could be highly nonlinear. It is likely that the CF gel is viscoelastic, rather than simply viscous [11, 26] . Effective actin-myosin gel viscosity could, similarly, depend on actin density, in which case the model would need to be expanded by adding an equation for actin transport and turnover. The model does not address microscopic phenomena that give rise to the periodicity of myosin and crosslinking distributions on submicron scales [16, 34] , nor does it address the subtle distinction between different types of SFs [49] . Last, but not least, we did not include mechanosensing phenomena in the model [11] . Nevertheless, the model clearly illustrates the wealth of behavior in even the simplest mechanical case. Comprehensive mathematical elucidation of this behavior is the necessary first step on the way to quantitative understanding of the full biological complexity of contractile actin-myosin networks.
